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1 Introduction 1.1 Is QGP the most vortical fluid?

First positive measurements of A spin polarization

Non-central heavy-ion collisions create fireballs with large global angular momenta which may generate a spin polarization
of the hot and dense matter in a way similar to the Einstein-de Haas and Barnett effects

Much effort has recently been invested in studies of polarization and spin dynamics of particles produced in
high-energy nuclear collisions, both from the experimental and theoretical point of view

L. Adamczyk et al. (STAR), (2017), Nature 548 (2017) 62-65, arXiv:1701.06657 (nucl-ex)

Global A hyperon polarization in nuclear collisions: evidence for the most vortical fluid
www.sciencenews.org/article/smashing-gold-ions-creates-most-swirly-fluid-ever
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Large angular momentum does not mean large rotation!
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1 Introduction 1.2 Equilibrated spin

1.2 Equilibrated spin

J. Weyssenhoff and A. Raabe, Acta Phys. Pol. 9 (1947) 7
revival of interest in hydrodynamics of spin polarized systems
in a series of works by Francesco Becattini and collaborators
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1 Introduction 1.2 Equilibrated spin

Connection betweeen theory and experiment by the “spin Cooper-Frye formula”
Pauli-Lubanski vector defined by the spin polarization tensor w*”

dz,pn(1 = Nw,,
n“(p) — _8_m€yparpr fdz p/\n p
A

integral over freeze-out hypersurface (1)

@ spin degrees of freedom are equilibrated, spin-orbit coupling interaction included,
asymmetric energy-momentum tensor, the spin polarization tensor is equal to
thermal vorticity

W = @y = ~1/2(Bs = Aupy) P =u/T, p=1/T
the spin polarization tensor is not an independent hydrodynamic variable

@ standard (dissipative) hydro is used, w,, determined by the standard
hydrodynamic variables such as T and u*

@ recent works on extension to include effects of the shear stress tensor

equilibrium distribution functions obtained from QFT

@ great success in decribing global polarization, problems to explain the
longitudinal polarization
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1 Introduction 1.3 Different formulations of spin hydrodynamic.

the case of massive spin-1/2 particles is considered only in this talk

1. THV (thermal vorticity oriented) approach described above
F. Becattini, L. Tinti, V. Chandra, I. Del Zanna, E. Grossi, M. Buzzegoli, G. Inghirami, |. Karpenko, ...

2. KT (kinetic theory) approach (Wigner functions, classical treatment of spin)

2.1 LKT - local collisions, spin part of total angular momentum
conserved
B. Friman, WF, A. Jaiswal, E. Speranza, R. Ryblewski, A. Kumar, S. Bhadury, R. Singh, ...

2.2 NLKT - non-local collisions included, only total angular momentum
conserved
N. Weickgenannt, E. Speranza, D. Rischke, D. Wagner, X.-L. Sheng, ...

3. IS (Israel-Stewart) approach
K. Hattori, M. Hongo, X.-G. Huang, M. Matsuo, K. Fukushima, S. Pu, A. Daher, A. Das, R. Biswas, G. Sarwar, M.
Hasanujjaman, J. R. Bhatt, H. Mishra, J.-e. Alam, D.-L. Wang, S. Fang, ...

4. Lagrangian formulation

G. Torrieri, D. Montenegro, K. J. Goncalves, ...

STATISTICAL PHYSICS VS. THERMODYNAMICS
KINETIC THEORY VS. HYDRODYNAMICS
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2 Kinetic-theory — perfect spin hydrodynamics 2.1 Thermodynamic identities

Standard form of thermodynamic relations
extensivity — intensivity rule

E+PV=TS+uN — e+P=To+un (2)
first law of thermodynamics and Gibbs-Duhem relation
de = Tdo + udn, dP = odT + ndu (3)

e, P, T, 0, uand n are the local energy density, pressure, temperature, entropy
density, baryon chemical potential, and baryon number density

Tensor form of thermodynamic relations (Israel-Stewart)
entropy current

St = out = PR — ENE + B ToE (4)

dSh, = —&dNk; + AdT.! d(Pp) = Niyde — Tl dB, (5)

eq’/

standard notation: g = u*/T, = \B*"Br=1/T,and & = p/T

perfect-fluid forms: N., = nu* and T M= (e 4+ P)uut — Pght = eutut — PAM
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2 Kinetic-theory — perfect spin hydrodynamics 2.1 Thermodynamic identities

inclusion of spin, Qs - spin chemical potential, S* - spin density tensor

e+P=To+un+ 1Q,,8% (6)

de = Tdo + pdn + 1Q2,dS%.,  dP = odT + ndu + 3S*dQ, (7)

multiplication of the above equations by the hydrodynamic flow vector u gives
the tensor (Israel-Stewart) form

Sk = P — ENi + BATol — jawas St (8)

Sty = —EdNi, + BadTol — swadSE™,  d(PB*) = Nigde - T dBy + 1Sk  dwag  (9)
spin tensor

S = urset (10)

analog to the perfect-fluid forms of N, and T
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2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

Internal angular momentum (Mathisson), classical spin vector, extended phase-space,
S-wave dominant scattering
Review: WF, A. Kumar, R. Ryblewski, Prog.Part.Nucl.Phys. 108 (2019) 103709

a 1 aQ a a 1 apy
s p _ ES ﬁV‘Spysél p.S* = 0, s“= %8 mépﬁ[m (11)

(%P, 9) = exp (=P B(X) £ £X) + (057 (12

macroscopic quantities expressed as the moments of the distribution function

N = [(apdspr [(ups) - (eps)], UG =0 (19)
= [dpdsp'e [i(xps) + f(xps)],  3TE =0 (14)
S = fdeS p' st [£5(x,p,8) + (X, p,9)], 9,Su =0 (15)

conservation laws determine: S(x), £(x), and wag(x) — perfect spin hydrodynamics
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2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

parametrization of the spin polarization tensor in terms of electric- and magnetic-like
components (k and w) in a direct analogy to MHD

Wap = kauﬁ - kﬁua + taﬁ/ taﬁ = ea/ﬂybu;/wb (16)
k and w are orthogonal to the flow vector: k-u=0and w-u=20
spin tensor in the lowest order of k and w (linear contribution)
SQ;‘V = U'[A(T, p) (k*u" = K'u) + Ay (T, w)t] (17)
As(T,
+ 3(2 fl) (t/\yuv_ t)\vuy _'_AAykv_AAvky)

= u'Sk] + problem

problem = term that is not proportional to u*
kinetic theory does not lead to the form Sé‘gl“'g = uf‘Sﬁf, even in local equilibrium state
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2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

different ways to proceed:

@IS a})proach, the kinetic theory result is ignored, one uses the form
S’ = u#sgf, even with a further simplifying assumption that
Sfff = A(T, p)w*¥ [phenomenological formula for the spin tensor]
the phenomenological form is not connected to other versions by a pseudogauge transformation; dissipative spin
hydrodynamics including the phenomenological spin tensor as the leading contribution is unstable, even in the
second-order theory; inconsistent treatment of thermodynamic relations, terms like wwsﬁqv treated as first-order

corrections although they are of the second order

@ LKT approach, only the linear terms are kept

the resulting formalism describes spin evolving in an external standard hydrodynamic background, since corrections to
the energy-momentum tensor and baryon current start with the quadratic terms; moderately unstable solutions found for

this scheme, thermodynamic relations become trivial, reduce to the standard ones
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2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

a solution stands behind the corner
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2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

From (11)—(14) one obtains tensor forms of thermodynamic relations
valid for any value of the spin polarization tensor w

i 1 1o i ! c ! |
Sty = Tl Pa = 5wepSly” = ENGG + NP, N = coth & Niy, # Pu! (18)
dSk, = —&dNi, + ﬂAdTeAcf - %waﬁdsgg“ﬁ first law of thermodynamics (19)
dNH = Nigdé — TeA(fdﬂA + %Sﬁ_‘c’f’gdwaﬁ Gibbs-Duhem relations (20)

Expansion up to second order in w

Né‘q =A(T, & K2, @)U + m(T,ENtH, (21)

Tiy = &(T, & K%, ®)u'u’ — Py (T, &, K%, @®) A" (22)
+Po(T, E) (KK + ow™) + P(T, &) (t“u” + t'u).

t =tk = e Pk, Uywp

W. Florkowski (IFT UJ) Unified spin hydrodynamics November 19, 2024 17/31



2 Kinetic-theory — perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

i = &(T,& K2, w?)ulu’ — Py (T, & k2, w?) A (23)
+Pro(T, E)(KHKY + w®w™) + Py(T, &) (tu” + t'u).

Strong similarity to the case of anisotropic relativistic magnetohydrodynamics
E# =0,B* # 0 (similarly to k* =0,t* =0, 0" # 0)

o
T =

B? B?
- ryY — | grv
(e+p_1.+47r>UU (m+8”)g
B2
+ (pn —pL— EF) n“n”] =0, (39)
W

M. Gedalin and I. Oiberman, Phys. Rev. E51 (1994) 4901

W. Florkowski (IFT UJ) Unified spin hydrodynamics November 19, 2024



3 Positive entropy production — dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current

3 Positive entropy production — dissipative spin
hydrodynamics

3.1 Non-equilibrium entropy current

W. Florkowski (IFT UJ) Unified spin hydrodynamics November 19, 2024 19/31



3 Positive entropy production — dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current

IS method - replacement of the equilibrium currents by the general ones
(equilibrium + non-equilibrium corrections)

St = THB, — SwasSHF — ENF + N (24)
Conservations laws, now for total angular momentumJ =L + S
N =0,  9,T"=0, 9,8 =Th_T% (25)
entropy production

0uS" = —ONMO,E+ 0TS DBy + 0Te" (dubr — way) - %53»&/39‘,%,3 >0 (26)
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3 Positive entropy production — dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current

Generalized Tolman-Klein conditions define global equilibrium state:

]
9ue=0,  Jupy=0,  wy=dupn=-3 (9184 = 9ups) (27)

the last condition says that the spin polarization tensor is equal to the thermal vorticity
tensor (starting point for F. Becattini’'s approach)

The middle equation, dag, + d,p1 = 0, is the Killing equation with a solution of the
form

B! = By + @, ®" = —@"* = const, |, = const (28)

One possible solution: rigid rotation with a very special boundary condition at R = 1/Q

\\\

w' = 5(1,—Qy, Q,0)
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3 Positive entropy production — dissipative spin hydrodynamics 3.2 Tensor decompositions

General (mathematical) decomposition of tensors into parts that are: i) either symmetric or antisymmetric, ii) either parallel or

orthogonal to the flow, iii) with zero or non-zero trace. The simplest case, baryon current Nt = N“g"a = N“(A”a + utuy)

Baryon current

N¢ = aut + b* (29)
here bt'u, = 0, altogether 4 parameters
Energy-momentum tensor

TV = cutu’ - eA" + diu + diut + el + diu — diut + el (30)

w w

Lol 1 (uvy w
here: df uy = du, = 5 uy = e} H ;

uy =0, ey ' issymmetric and traceless, ey is antisymmetric
19 parameters, 3 can be eliminated by a suitable choice of the hydrodynamic flow (Landau vs. Eckart), 16 parameters left

Spin tensor
S,\,pv _ SA,v‘u _ UA (fy uw = f U“) uvpo Ay v AV Auv 31
=- = - +ePTu, W |+ it = U A (31)
here: fiuy = whu, =0, MHuy =My, =0, 7 =i, jivy, = jvy, = vy, =0,

i can be further decomposed into symmetric (with zero and non-zero trace) and antisymmetric parts
24 parameters

W. Florkowski (IFT
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3 Positive entropy production — dissipative spin hydrodynamics 3.2 Tensor decompositions

Landau matching conditions

N'u, = N, (32)
Tuu, = Tguuy, (33)
Sty = Sptuy. (34)
The consequences of Egs. (32)—(34) are straightforward:

a = n(T,&k2 ), (35)
c = &T,&EK2 02, (36)
ft = A(T,&)k", (37)
wt = A(T, &)t (38)

one can choose T, ¢&, k*, and wt (by solving Egs. (35)—(38)) in such a way that certain
parts of N¥, T#, and S**f have the form of the equilibrium tensor
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3 Positive entropy production — dissipative spin hydrodynamics 3.3 Navier-Stokes limit
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3 Positive entropy production — dissipative spin hydrodynamics 3.3 Navier-Stokes limit

components of the total baryon current

energy-momentum tensor
ds

d;

e

eéyw

QEW]

spin tensor

e

jAyv

bY = —AVHE 4+t

—x(Du* — BV T) + Pyt
—Aaf7(BDU* — BEVHT — 2kH),
P -6 - (1/3)Pyu(k® + w?),
210" + Pro( KK + o),
y (BVEUT + 1),

—x1 AUV W, — x2u, V!
A
Kot A VI 4 Z M,

%V/\w([,lXV) + %(AAHKV _ A?Wk,u),

TWO SCALES FOR EXPANSION: GRADIENTS (KNUDSEN NUMBER) &
MAGNITUDE OF THE SPIN POLARIZATION TENSOR
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4. Summary and Outlook

4. Summary and Outlook

a unified (hybrid) approach to spin hydrodynamics is proposed that combines the
results of kinetic theory with the IS method

consistency beetween LKT and IS approaches can be achieved
technical difficulties of NLKT can be circumvented
a different starting point compared to THV approach

second order theory (in gradients) needed
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4. Summary and Outlook

Back-up slides
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4. Summary and Outlook Weyssenhoff’s spinning fluid

N¢ = nut current = density x flow vector
analogies for energy, momentum and spin

1) conservation of energy and momentum with an asymmetric energy-momentum
tensor
T(x)=g'xu(x), T"(x)=0 (47)

ut is the four-velocity of the fluid element, while g* is the density of four-momentum
with the notation 2, (fu") = Df we may write Dg* = 0

2) conservation of total angular momentum J" = LA 4 S (orbital and spin parts)
LM (x) = xBTYA(x) — X" THY(x),  S™(x) = st (x)u*(x) (48)

st = —g"! describes the spin density
IV =0 — Ds* = ghu’ — g'u* (49)

3) 10 equations for 13 unknown functions: g#, s#** and u' (i = 1,2, 3)
additional constraint has been adopted, the Frenkel (or Weyssenhoff) condition
s*u, =0

ideas still frequently cited in the context of the Einstein-Cartan theory
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Pseudogauge freedom

Pseudo-gauge transformation (QCD language in the context of the proton spin
puzzle: adding boundary terms)

szv — Tyv + %aA (q)/\,,uv + ¢)v,,u/\ + ¢,u/1/A) (50)

Sr}t,yv — S/\,pv _ d)/\,,uv + apzpv,/\p (51)
One most often considers free Dirac field, should describe a gas of fermions,
good starting point for thermodynamics and/or hydrodynamics
Canonical forms (directly obtained from Noether’s Theorem): asymmetric
energy-momentum tensor, spin tensor directly expressed by axial current (couples to
weak interactions)
Belinfante-Rosenberg version, 4+ = St ZiAr — Q, (couples to classical
gravity); spin tensor appears in modified theories of gravity, couples to torsion
de Groot, van Leuveen, van Weert (GLW) forms: symmetric energy-momentum
tensor and conserved spin tensor
Hilgevoord and Wouthuysen (HW) choice: symmetric energy-momentum tensor
and conserved spin tensor
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Pseudogauge freedom

from Sidney Coleman’s lectures:

_ T T T,

Some textbooks try to avoid this point, or nervously rub one foot across the other leg and
natter about the best definition or the optimum definition, or what is it that unambiguously
fixes the definition of a four-component current, J#. And the right answer is, of course, there’s
nothing to natter about, there’s nothing to be disturbed about. It is something to be pleased
about. If we have many objects that satisfy desirable general criteria, then that’s better than
having just one. And in a special case when we want to add some extra criteria, then we might
be able to pick one out of this large set that satisfies, in addition to the general criteria, the
special criteria we want for our immediate purposes. If we only had one object for the current,
we would be stuck. We might not be able to make it work. The more freedom you have, the
better. So, there are many of them? Good! We live with many of them. It doesn’t affect the
definition of the globally conserved quantities. It’s like being passed a plate of cookies and
someone starts arguing about which is the best cookie. They're all edible! And when we come
to particular purposes, we may well want to redefine our currents by adding the derivative of
an antisymmetric tensor to make things look especially nice for some special purpose we may
have in mind. >
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